EIGENVALUES OF THE LAPLACIAN ON 
RIEMANNIAN MANIFOLDS* 



QING-MING CHENG AND XUERONG QI 

b ' 

» I , Abstract. For a bounded domain Q, with a piecewise smooth boundary in a complete Rie- 

^ |. mannian manifold M, we study eigenvalues of the Dirichlet eigenvalue problem of the Laplacian. 

' By making use of a fact that eigenfunctions form an orthonormal basis of (Q.) in place of the 

Rayleigh-Ritz formula, we obtain inequalities for eigenvalues of the Laplacian. In particular, for 
lower order eigenvalues, our results extend the results of Chen and Cheng [7]. 

o 

. Let Q C M be a bounded domain with a piecewise smooth boundary in an n-dimensional 

complete Riemannian manifold M. We consider the following Dirichlet eigenvalue problem of 
the Laplacian: 

Au = —Xu in Q, 



1. INTRODUCTION 



> ■ \ u = on on. 

' It is well known that the spectrum of this problem is real and discrete: 
OO ' 

^ : < Ai < A2 < A3 < • • • / oo, 

Tlj- i where each Aj has finite multiplicity which is repeated according to its multiplicity. 
O 

When M is an Ji-dimensional Euclidean space R", Payne, Polya and Weinberger |19] proved 



4 ^ 

(1.2) Afc+i-A,<— J^A. 



kn 

i=l 



Hile and Protter [T7] generalized the above result to 

k 

(1-3) E 



^ Xi ^ kn 



In 1991, a much sharper inequality was obtained by Yang [21] (cf. [12]): 

(1.4) 5^(Afc+i-A,)' < ^J](Afc+i-A,)\. 

i=l i=l 

When M is an n-dimensional unit sphere ^"(l), Cheng and Yang [10] have proved an optimal 
universal inequality: 

(1.5) - Xi? < \ ^(Afc+i - AO(A. + ^). 

1=1 i=\ 
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For the Dirichlet eigenvalue problem of the Laplacian on a bounded domain in an n-dimensional 
complete Riemannian manifold M, Chen and Cheng and El Soufi, Harrell and Ilias [16] have 
proved, independently, 

^ A ^ 2 

(1.6) J](Afc+i - A,)2 < - J^(A,+i - A,)(A, + 

i=l " 1=1 

where Hq is a nonnegative constant which only depends on M and Q. When M is the unit 
sphere, Hq = 1, the above inequality is best possible, which becomes the result of Cheng and 
Yang [To]. For the Dirichlet eigenvalue problem of the Laplacian on a bounded domain in a 
hyperbolic space, universal inequalities for eigenvalues have been obtained by Cheng and Yang 
[13] . For complex projective spaces and so on, see [6], [10] and [TT] . 

For lower order eigenvalues of the eigenvalue problem (1.1), when M is the Euclidean space R*^, 
the following conjecture of Payne, Polya and Weinberger is well known: 

Conjecture of PPW. For a bounded domain ^1 in IV^ , eigenvalues of the eigenvalue problem 
(1.1) satisfy 



Al Al 



2 

n/2,1 



B" Jn/2-1,1 



■ 2 

A2 + A3 H h A„+i Jn/2,1 

(2) ^ < n-2 



^1 ■?n/2~l,l 

where B" is the n-dimensional unit ball in R", jp^k denotes the k-th positive zero of the standard 
Bessel function Jp{x) of the first kind of order p. 

For the conjecture (1) of Payne, Polya and Weinberger, many mathematicians studied it. For 
examples, Payne, Polya and Weinberger [19], Brands [5], de Vries [15], Chiti [H], Hile and 
Protter [T7], Marcellini [18] and so on. Finally, Ashbaugh and Benguria [2] (cf. [1] and [3]) 
solved this conjecture. 

For the conjecture (2) of Payne, Polya and Weinberger, when re = 2, Brands [5] improved 

the bound ^ — - < 6 of Payne, Polya and Weinberger |19j . he proved — -r- — - < 3 + 
Al Al 

Furthermore, Hile and Protter |17j obtained — < 5.622. In [18], Marcellini proved 

A A A A 

^ ^ < (15 + \/345)/6. Recently, Chen and Zheng [8] have proved — — - < 5.3507. For a 



Al - ' o I-, ^ 

general dimension n > 2, Ashbaugh and Benguria [1] proved 

/-I A2 + A3 H h A„+i 

(1.7) <n + 4. 

Al 

Furthermore, Ashbaugh and Benguria [1] (cf. Hile and Protter [T7] ) improved the above result 
to 

(1.8) ^^l±h±fl±^<n + 3 + ^. 

Al A2 

Very recently, Cheng and Qi [9] have proved that, for any 1 < j < re + 2, eigenvalues satisfy at 
least one of the following: 

At „ Al 
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A2 + A3 H + A„+i , o , '^i 

< n + 3 + — . 

Ai Aj 

When M is the n-dimensional unit sphere ^"(l), that is, for a bounded domain in 5'"'(1), 
Cheng, Sun and Yang [2D] have proved 

A2 + A3 H h An+i , A , 

(1.9) <n + 4+— . 

Ai Ai 

For a general complete Riemannian manifold M, Chen and Cheng [7] have proved that there 
exists a non-negative constant Hq such that 

(1.10) ^^ + ^^ + --- + ^-^^<n + 4+!^. 

Ai Ai 

In this paper, by making use of the fact that eigenfunctions form an orthonormal basis of L^(Q) 
in place of the Rayleigh-Ritz formula, we obtain inequalities for eigenvalues of the Laplacian. In 
particular, we improve the above result. 

2. Estimates for lower order eigenvalues 

In this section, first of all, we will mainly focus our mind on the investigation for lower order 
eigenvalues of the Dirichlet eigenvalue problem of the Laplacian by making use of the fact that 
eigenfunctions form an orthonormal basis of L^(il) in place of the Rayleigh-Ritz formula. We 
prove the following: 

Theorem 2.1. Let M he an n-dimensional complete Riemannian manifold, Q C M a bounded 
domain with a piecewise smooth boundary dil.. Then, the lower order eigenvalues of the Dirichlet 
eigenvalue problem of the Laplacian satisfy 

A2 + A3 -I- • • • -I- Xn+l 

A^ 



< n-\- 



n-m N^'-A^^^ + '+A^ + V^^A^^^^ +'('-A^)^ 



+ 4 



2 

where Hq is a non-negative constant depending on M and Vt only. 

Remark 2.1. It is not hard to prove, from --^ < 1, 

A2 



A2 Ai A2 V -^2 A2 A2 A2 n'^Hn 
—2 < V + 

In particular, when M is an ?i-dimensional complete minimal submanifold in the Euclidean space 
R^, we have 

Corollary 2.1. Let Q be a bounded domain in an n-dimensional complete minimal submanifold 
M in R^. Then, we have 



A2 + A3 H h Xn+l , o / Q I '^i 



Ai V A2 
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Since M is a complete Riemannian manifold, from a theorem of Nash, there exists an isometric 
immersion 93 : M — >• R-^ from M into a Euclidean space R^. Let (x^, • • • ,2;") denote an arbi- 
trary local coordinate system of M. For any point p G O, we can write ip{p) = (yi, ^2; • ' ' ) ^A^) 
with 

Va = ya{x\--- ,2;"), l<a<N, 
which is the position vector of p in R^. Thus, we have 

_ /_5 d \ _ / dya d dyp d \ _ ^ dya dyg 

a=l ^'^ 13=1 a=l 

where g denotes the induced metric of M from R^, ( , ) is the standard inner product in R^. 
We denote the gradient of a function / by V/. Then, the following lemma holds, which is proved 
by Chen and Cheng [7j. 

Lemma 2.1. 

N 
a=l 

N 

a=l 
N 

^ AyaVya 

a=l 

and for any function u G C°°(M), 

N 2 

J2 (ff(Vya,v^x)) 

a=l 

where \H\ is the mean curvature of M . 



= Y,\'^ya\^ =n, 

a=l 

= n^\H\\ 
= 0, 

N 2 

= ^(yya-yuj =\VU 

a=l 



Proof of Theorem 2.1. Let Uj be the eigenfunction corresponding to the eigenvalue Aj such that 
{uj}^i becomes an orthonormal basis of Lp'{Q). Hence, J^UiUj = 6ij for V i,j = 1,2,---. 
Defining 



a-aj = / yaUlUj+l, 

since ui does not change sign in we can assume ui > in Q. We consider the N x iV-matrix 
A = (aaj). From the orthogonalization of Gram and Schmidt, there exist an upper triangle 
matrix R = (Raj) and an orthogonal matrix Q = {qap) such that R = QA. Thus, 

N „ iV 

^"J = XI = / X] ^o^pypuiuj+i = 0, for 1 < j < Q < iV. 

13=1 ■^^13=1 

Defining = I]^=i Qa^y-y, we have 

/ yaUiUj+i = yZ qa'yy-yUiUj+i = 0, for 1 < j < o < iV. 
Jn -^^7=1 



Putting 



Za = ya- ba, ba = I yauf, for 1 < a < iV 
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and 

Jet 

we have 

(2.1) Aaj = 0, for 1 < j < a < iV. 

Defining 



Baj = / UjVZa • Vui 
Jn 

and 

Jn 

from the Stokes theorem, we obtain 



-XjAaj = / ZaUiAuj = / A{ZaUi)uj 

Jn Jn 

= J ^VZa ■ Vui — XiZaUi + UiAZa^Uj 



namely, 

(2.2) '^Baj = (Ai — \j)Aaj — Caj- 

Since {uj}^^ is an orthonormal basis in L^(il) and A^j = 0, for I < j < a < N, we 

oo oo 

(2.3) ZaUi= ^ ^Qj% and = ^ ^^j. 

j=a+l j=a+l 

Furthermore, 

~ oo 

(2.4) / ujzaAZa = y2 AajCaj, 

„ oo oo oo 

(2.5) 2 / ZaUiVz^-Vui = 2 ^ A^jB^j = ^ (Ai - Aj)^^ _ ^ A^jCaj. 

•^^ j=a+l j=a+l j=a+l 

Since for any function / e C^(Q) n C(J^), 

(2.6) -2 / fuiVf-Vui= [ ulfAf+ [ |V/|V, 

Jn Jn Jn 

we have 

(2.7) J \VZa\^u\ = — j ZaUi(^V Za • y Ui + UiAZo}j ■ 

We obtain 

oo „ 

(2.8) - = / 



,2 2 
Za\ til, 
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For any positive integer A;, we have 

oo fc oo 

{\,-\i)A%= (Ai-AiX.+ (A.-AiX- 

j=a+l j=a+l j=k+l 

k CO 

> Y (Ai - AiX- + (Afc+i - Ai) Y ^% 

J=Q+1 j=k+l 

k OD k 

= Yl - + (^^^+1 - - (^^^^+1 - ^i) 12 ^% 

j=a+l j=a+l j=a+l 

k oo 

= {^j-^k+i)A% + {\k+i-Xi) Y ^"i- 

j=a+l j=a+l 

Thus, we infer 

(2.9) (Afc+i-Ai)||z„nif < V (Afe+i - Aj)^2 + /■ |y 
and, in particular, 

(2.10) (A„+i - Ai)||z„nif < f |Vz„pn?. 

Jo. 

For any a, we have 

(2.11) |VzaP < 1. 

In fact, for any fixed point po S , we can choose a new coordinate system y = {yi, - ■ ■ , ^a?) of 
given by ip{p) - Lp{po) = y{p)B such that ^Ipo^ • • > al^lpo span TpoM and at po, ^(^r' Jj) = 
5ij, where B = (ba/^) G 0{N) is an x orthogonal matrix. 

\VZa\'^{po) = g(yZa,VZa) 
N 

= Y 5"7«a/35'(V2/T,, Vy/3) 

N N N 

= Y 9Q79a/39(X]^7MWM,X] VWi.) 

(2.12) /3,7=1 M=l 1^=1 

AT 

j=l /3=1 

since QB is an orthogonal matrix when B and Q orthogonal matrices. Therefore, (2.11) 
holds because po is an arbitrary point. Since Lemma 2.1 also holds for z^ from the definition of 
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Za, for any positive constant i > ^, we have, from Lemma 2.1 and (2.11), 

TV 

V(A„+i-Ai) / |Vz,|V+^ 

n „ N „ 

>5](A,+i-Ai) / |Vz,|V+i + (A„+i-Ai) / IV^aIM^' 

j=l •'^ A=n+l ''^ 

n . „ n 

= V(Aj+i - Ai) / iVzjl V+i + (A„+i - Ai) / (n - V |Vzjf )n*+i 

n „ „ n 

= 5](A,+i-Ai) / |Vz,|V+i + (A„+i-Ai) / ^(l-|Vz,|V+^ 
>X;(A,+i-Ai) / |Vz,|V+i+ / X;(A,+i-Ai)(l-|Vz,-|V+^ 

n „ 

= ^(A,+i-Ai) / u\^\ 
On the other hand, from the Stokes theorem and the Cauchy-Schwarz inequahty, we obtain 



(2.13) 



(2.14) 



and 



(2.15) 



/ \VZa\^u\^'^ =- ZaUi ( u\AZa + (1 + t)u\~^\/ Za ' Vui 

Jn Jn \ 

< \\ZaUi\\ ■ \\u\AZa + (1 + t)u\~^V Za ■ Vni||, 



|Vz„|V 



J ZaUl ^UiAZq + 2VZq • Vui^ 



From (2.10), (2.13), (2.14) and (2.15), we derive 



(2.16) 



X:(A,+i - AO / u\+' 

N 

<V(A„+i-Ai) / |Vz„|V+i 



AT 



< ^ lluiAzo + 2Vza • Vuill • \\u\Azo, + (1 + t)ui~^Vza • Vni|| 



TV 



N 



. WuiAza + 2Vz^ ■ VuiP • Y \\u{Aza + (1 + t)u*f^Vza • Vui 
\ «=i 



q:=1 
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Since Lemma 2.1 also holds for Za from the definition of Za, we have 

N 



(2.17) 



and 



V llniAzQ + 2Vza • Viiif = / {r?\H\'^ul + A\Vui\'^) 

a=l 



< n^supji^l^ + 4Ai 



J2 H^^c. + (1 + t)u{-'Vz^ . Vnif =J (^n^\H\\f + il±^|Vn* 



(2.18) 

Putting (2.17) and (2.18) into (2.16), we obtain 



(2.19) XJ(A,+i - Ai) < Bit)^ (^n2 sup \H\^ + 4Ai^ (n^ sup \H\^ + -^^^ 



2 

Ai 



where 



B{t) 



Since the spectrum of the Dirichlet eigenvalue problem of the Laplacian is an invariant of isome- 
tries, we know that the above inequality holds for any isometric immersion from M into a 
Euclidean space. Now we define ^ by 

(J) = |(^; is an isometric immersion from M into a Euclidean space}. 

Defining 



Hq = inf sup \H\ 



we have 



(2.20) p^(X,^^-X^)<Bit)^in^Hi + iX^)^nmi+^l^X,^ . 

Next, we need to estimate B{t) as a function of t by making use of the same method as Brands 
[S]- Let u = u\ — ui JqU*!^^- We know that u is a trial function for A2. Hence, we have 

In iVnP 



A2 < 



2 



According to a direct calculation, we obtain 



A2 ^ 2t - 1 ^ ^ 
Ai - S(t)2 - 1 

since B(t)^ - 1 = — !^ — ^ > for t > 1. Let a = — > 1. We have 
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When 1 < t < a + \J — a, we can infer 

\a - l){2t - 1) 



Bit)< 
Therefore, we obtain 



a{2t - 1) - t2 



(2.21) |;(A,« - A,) < ^ (nmS + 4A,) [n^HS + ii^A,) ^^^^^ff^ • 

Letting b = — - — - and defining a function 

(2.22) m = ^P'r"V^+5, 

we have 

" / 

(2.23) - ^ V ^i^*" " (""'^o + ^^i) 

6 + 4 

If we take t = 1, /(I) = . Thus, we obtain the result of Chen and Cheng [7|. Furthermore, 

a — 1 

we try to get the minimum of f{t) under 1 < t < a + \J — a. It is not difficult to prove that 
the minimum of /(t) is attained at 



_ a + 6 - 1 + ^J(a + 6 - 1)2 + 8a(a + 6 + 1) 
2(a + 6+l) ■ 

Since ^(s) = to as a function of s = a + 6, is a decreasing function of s in the interval [a, oo), we 
have 

1 = 5(00) < to < fi'la) < a + \/a2 — a. 
By a direct computation, we have 



a(2to - 1) - t; 



2 _ 2v^(a + 6 - 1)2 + 8a(a + 6+1) 
° ~ 4(a + 6+l)2 



X ^2a(a + 6 + 1) - (a + 6 - 1) - v^(a + 6 - 1)2 + 8a(a + 6+1)^ . 
From {3(a + 6) + l}^ - 86(a + 6 + 1) = (a + 6 - 1)2 + 8a(a + 6 + 1), we get 



K2t„ - 1) + (1 + <„)= = M? + '>-i)^ + 8»(° + '' + i) 



4(a + 6 + l)2 

X ^26(a + 6 + 1) + 3(a + 6) + 1 + (a + 6 - 1)2 + 8a(a + 6 + 1)^ . 



10 
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Thus, we have 



fito) 



2b{a + 6 + 1) + 3(a + 6) + 1 + ^y{a + b-l)^ + 8a{a + b+l) 
2a{a + 6 + 1) - (a + 6 - 1) - V(a + 6 - 1)^ + 8a(a + 6 + 1) 



(2.24) 



2{a + b+ (2a - 1)6 + 3a + 1 + Y^(a + b-lf + 8a{a + 6+1)} 
4a(a + 5+l)2(a-l) 



(2a - 1)6 + 3a + 1 + v^(a + 6 - 1)^ + 8a(a + 6 + 1) 



2a(a- 1) 



From (2.23) and (2.24), we obtain 

n 



< W Ai (n2if2 + 4Ai) 



(2a - 1)6 + 3a + 1 + Y/(a + 6 - 1)2 + 8a(a + 6 + 1) 



2a 



+ 4 



(2-Ti)^ + 3+-i + 



1 + 



Al ^2 



)^ + 8(i + !^ + ^; 



Ai Ai n^^2 Ai n2F2 



11— 



+ 4 



(2 '^1 ^ ^0 _j_ 2 _j_ ^1 _j_ / (2 _j_ ^-'^ _j_ 

A2 Ai A2 V A2 A2 



+ 4(l--i 



A2 A2 



A2 n2ij2 

because a = — and 6 = — - — -. This finishes the proof of Theorem 2.1. 
Ai Ai 



□ 



For any positive integer k, we have from (2.9) 

Afc+i — Ai 

^^•^^^ E (A,+i-A,)A2^. + /jVz,|2n2 

j=a+l 

From (2.14) and (2.15), we obtain 

(Afc+l - Ai) \Vza\^u\+^ \Vza\\l 
t (Afc+l -A,)A2^.+^|Vz,|2^2 

j=a+l 

(Afc+i- Ai)/^|Vz„|2n*+i 



< 



\ZaUl\ 



(2.26) 



1+ E (A 



fc+i 



A,) 



42 



j = Q+l 



/nlV 



< ||n*iAz„ + (1 + t)u\~^Vza ■ Vnill • ||uiAza + 2Vza • V?/i||. 
For any positive integer k, we can find some ckq such that 



^ (Afc+i - ^j)^loj 



max 



j=ao- 



1 /nl^^mlS i<"<«,i;;^i /nlVzolM 



(Afc+l - Aj)^^j 
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Hence, from Lemma 2.1, we obtain 



n 



t+i 



k Al 

E ( 

j=ao+l 



N 



< ^ lluiAza + (1 + t)tti"^V2„ • Vnill • ||niAz„ + 2Vza • Vtii|| 



a=l 



<w(^n2sup|i?|2 + 4Ai^(^n2 sup|g|2+ ^^^^^j^ ^i^ ^ <, 



that is, we have 

n(Afc+i - Al) 



1+ E (A.+i-A,^ 



(2.27) j=ao+l IV^^aol ^^1 



< S(t)W(^n2sup|i?|2 + 4Ai^ (^n2sup|i/|2 + ^i^^Ai^. 



On the other hand, we have 

2i - 1 /o ' 2f - 1 



(2.28) / |V^z*f ^pn? = ^^f^- [ Vm • Vuf'' = ^^r^Xi I uf 



Letting 



we know 



Dj = / u\uj, 
Jn 



(2.29) u{ = f2DjUj, [ uf = Y,Dl 

Taking / = u\~^ in (2.6), we get 

\Vu\-^\'^ul = -2 [ u\Vu\'^ -Vui- [ u\^^Au\~^ 
Jn Jn 



~[ \ Jn Jn ) 

~[ \Jn Jn J 

V'-Djf / u\Auj - / Uju\~^Aui] 
~[ \Jn Jn J 

Dj I Aj / u{uj - Al / Uju{ ) 
\ Jn Jn / 



00 



i=2 
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Thus, we infer 

i=2 



(2.30) J2{X, - Xi)D] = ^^Ai / ul . 



n 



Defining 



(2.31) /(t^T) 



2 



2t 

we have 



(2.32) 5^(A, - Ai)/3| = 1. 

For any positive integer I, 

oo 

1=^(A,-Ai)/3| 
i=2 

i oo 

= 5^(A,-Ai)/32+ J] (A,-Ai)/3| 

j=2 j=l+l 
I oo 

>^(A^._Ai)/32 + (A;+i-Ai) /32 

j=2 j=«+l 



: ^^(A, - Ai)/3| + (A,+i - Ai) £ /3| - (A,+i - Ai) /3| 



j=2 j=2 j=2 

I oo 

= ^(A, - A;+i)/3| + (A;+i - Ai) ^ /3|, 

j=2 j=2 

namely, 

oo ( 

(2.33) (A^+i - Ai) J] /3| < 1 + j;(A;+i - X,)^]. 

j=2 j=2 

From (2.29) and (2.30), we infer 

(2.34) i^^if;/5j=i- 

i=i 

Since 

.t+l 1 _ n2 _ (* ~ 1) \ o2 /" „.2f 



according to the definition of B{t), we have 



(2-35) " f, (*-l)\ .2 . (*-l)' °° 



From (2.27), (2.33) and (2.35), we have 
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Proposition 2.1. Let M be an n- dimensional complete submanifold in , Q, <Z M a hounded 
domain with a piecewise smooth boundary dQ. Then, for any positive integer k, there exists an 
integer ao with 1 < oq < N such that eigenvalues of the Dirichlet eigenvalue problem of the 
Laplacian satisfy, for any positive integer I and t > ^, 



n{Xk+i - Ai) ^ 



n2 sup \H\^ + 4Ai ) ( n2 sup \H\^ + %^Ai 



n 



2t-l 



k ■ ~ ft - ll^ Ai / ' \ ' 

1+ E (A.+i-A,) . , . 1- ;, , , l+E(Am-A,)/3| 

J=ao+l L|V2"oP«i \ Ai+i-AiV j=2 V 

3. Estimates for eigenvalues on Minimal submanifolds 

In this section, we will deal with eigenvalues of the Laplacian on bounded domains in complete 
minimal submanifolds of Euclidean spaces. Thus, let O C M be a bounded domain with a 
piecewise smooth boundary 50 in an n-dimensional complete minimal submanifold M of the 
Euclidean space R-^. We consider the following Dirichlet eigenvalue problem of the Laplacian: 

Au = —An in il, 

u = on d^. 

Since M is an ?i-dimensional complete minimal submanifold in R'^, we have from Lemma 2.1 
and the definition of C^j, 

Caj = 

for any a and j. Hence, we have from (2.2), 

(3.1) '^Bocj = (Ai — \j)Aaj. 

For any a, we have 



2 / u\Vza ■ Vui 

CO oo 



2^^DiBai = ^(Ai - Xi)DiAai. 



i=l 1=1 

Thus, from (2.31) we obtain 

oo 

(3.2) Y.{Xi - Xi)PiA^i = 0. 

i=2 

For any positive integer j > 2, since 

(A, - Ai)/3,A„,] <( f; (A,-Ai)/32V f; {X.,-X,)AlX, 

according to (2.8) and (2.32), we derive 



(Xj - Xiff3]Alj <(^1- {Xj - Xi)p]^ {^j^ \Vz^\\l - {Xj - Xi)A, 
Hence, we have 

(3.3) (A, - Ai)/3| + (A, - AO < 1. 
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From (2.9) and Lemma 2.1, we can get 

(3.4) 



N N k 

(Afc+i - Ai) ^ < n + ^ ^ (A^+i - Aj)A 

On the other hand, from the Stokes theorem, we have 



2 

aj- 



[ u*+i|Vz^p = i [ u\+^Azl = -{t + 1) [ Zau\Vza-Vui. 
Jn ^ Jn Jn 



From Lemma 2.1 and the Cauchy-Schwarz inequahty, we get 



n 



/ u\+^ = -(t + 1) V / Zau{\7Za ■ Vui 



\a=l 
t N 



namely, 
(3.5) 



N 



(t+1) 
(t+1) 

(t+1) f J^lka-Ulf^ 



n 



1 



2t - 1 
Ai 

2t - 1 Jn 



> 



n 



a=l 



2t 



it + 1)- 
2t- 1 



AiS(t)2 



From (3.3)-(3.5), (2.35) and (2.33), we have 
'^^(Afc+i - Ai) 



N k 



< 



a=l j=a+l 
it + 1)2 



2t - 1 
{t + 1)2 



Aii?(t)^ 



Ai 



< 



< 



2t - 1 



1 



(t-l) 



2t 



1 j=2 



Ai 



2t-l ^ (t-lf Ai 



2t — 1 A^+i — Ai 



I 

E 

i=2 



l+E(Ai+i-A,)/32 



it + 1)^ 



2i-l ^ (i-l)2 Ai 



2t — 1 Xi+i — Ai 



1+E 



Ai+i — Aj 



j=2 ^3 



\j — Ai 



a2 

1 - (A, - Ai) 



^q|2^2 
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Defining 



<^al = Al H ; ^ ^ ;: -tt 



S, A/_i_i — Ao 

1 + E 

and taking 



j=2 ~ ^1 



1 - (A, - Ai 



f^\VZa\^ul 



Gal + Ai ' 

we obtain the following: 

Theorem 3.1. Let M he an n-dimensional complete minimal submanifold in R^, Q C M 
a bounded domain with a piecewise smooth boundary di}. Then, for positive integers k, I, 
eigenvalues of the Dirichlet eigenvalue problem of the Laplacian satisfy, for 1 < a < N, 

nHXk+i-Xi) <3^^^ A? 



^'•'^ n+t t (A.+i-A,K, " ^ ' 

a=l j=a+l 



Corollary 3.1. Let M be an n-dimensional complete minimal submanifold in R^, Q C M 
a bounded domain with a piecewise smooth boundary dQ. Then, for the Dirichlet eigenvalue 
problem of the Laplacian, we have 



, . A2 ^ n + 3 + Vn2 + lOn + 9 

^ ' ' Ai - 2n 

Proof. Taking k = I = 1 in (3.6), we have 

A^ 

n(A2 - Ai) < 3Ai + -i. 

A2 

The above inequality can be written by the following quadratic inequality: 

Therefore, we can obtain (3.7). □ 

Remark 3.1. When n = 2, the inequality (3.7) becomes the following form: 

A2 ^ 5 + ^/33 
Ai - 4 ' 

Thus, the result of Brands [5] for a bounded domain in the Euclidean space is also included 
here. 

For any positive integer k, we can find some ao such that 



j=ao 



p (Afc+1 - Xj)^loj _ (Afc+i - Xj)Alj 

1 LlV^aoP^f "1™^^^^ JnNZal^uj 
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Then, from Lemma 2.1, we get 

N k 



a=l j=a-\-l 

h N 

j=ao+l Jq|V^"oI ^1 a=l-^^ 

1+ (Afc+i-Aj) I "''^2,,2 )• 

i=«n+l Jcl^^aol «l/ 



n 

i=ao+l 

Therefore, we have the following 

Corollary 3.2. Let M be an n- dimensional complete minimal submanifold in , Q, C M a 
bounded domain with a piecewise smooth boundary dfl. Then, for any positive integer k, there 
exists an integer ao with 1 < ao < N such that eigenvalues of the Dirichlet eigenvalue problem 
of the Laplacian satisfy, for any positive integer I, 

n{Xk^, - A,) ^ ^ A? 



(3-8) ^ , ^ ^ ^ ^gpi ^aoi' 



1+ E (Afc+i-A,)- 



Smce (3.3) holds for any j and any a, from Corollary 3.2, we have 

Corollary 3.3. Let M be an n-dimensional complete minimal submanifold in R^, Q. d M 
a bounded domain with a piecewise smooth boundary dQ. Then, for positive integers k, I, 
eigenvalues of the Dirichlet eigenvalue problem of the Laplacian satisfy, for 1 < a < N, 

ra(Afc+i - Ai) ^ re(Afc+i - Ai) < 3_x _^ ^ 

j=2 - M j=2 
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